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Dedicated to the memory of T. Momose 

Abstract. This note has two main facets, first wc determine all modular 
curves X(N) (with N > 7) which are hyperelliptic or bielliptic. As a conse- 
quence, the set r 2 (X(N), M) := {P G X(N)(L)\[L : M] < 2} is not finite for 
some number field M if and only if N = 7 or N = 8. Moreover, we obtain 
that F2(X(N), Q(Cjv)) is always finite where £jv is an W-th primitive root of 
unity, hence, in particular, the number of quadratic points is finite for any 
model Xjv over Q of X(N). Secondly we make available a proof that the au- 
tomorphism group of X(N) coincides with the normalizer of r(7V) in PSL2(R) 
modulo ±F(N), in particular no exceptional automorphisms appear for X(N). 

1. Introduction 

Let C be a non-singular curve of genus greater than one, denned over a number 
field K. Mordell's conjecture, proved by Faltings, states that the number of ir- 
rational points of C, C(K), is always finite. In order to generalize this, it is natural 
to consider the set 

r d {C,K) = {PeC(L)\[L:K] < d} 

of points of degree d of C. For quadratic points, that is, d — 2, Abramovich 
and Harris show that the existence of infinitely many such points over a finite 
extension of some number field K is equivalent to the fact that the curve C is 
either hyperelliptic or bielliptic, i.e. that C has a degree two map to either a 
projective line or an elliptic curve, respectively, over an algebraic closure K of K. 

The modular curves X(N) as Riemann surfaces are obtained by completing with 
the cusps the upper half plane H modulo the modular subgroup 

iw-{(: l d )***m\(' c s)-(j i) (-»)}. 

Let us also denote the (non-complete) Riemann surface M/T(N) (without the cusps) 
by Y(N). 

The curve X(N) is a modular curve whose non-cusp points (the ones of Y(N)) 
parameterize elliptic curves E with a full level ./V-structure, where a level TV- 
structure means an identification of the group scheme E[N] of iV-torsion points 
with some fixed group scheme Tn. The natural choice of Tjv = (Z/jVZ) 2 can only 
happen if the considered field contain all the iV-roots of unity. We define the curve 
X(N) as the modular curve defined over the cyclotomic field Q(Cat) by this mod- 
uli problem, where we denote by (jv a primitive iV-root of unity. For any choice 
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of finite fiat group scheme Tjv over a number field K verifying the natural condi- 
tions Ttv(C) = (Z/AZ) 2 and [\Tn — A*jv (there are infinitely many choices!) the 
models obtained become isomorphic in an algebraic closure of Q. In this work we 
study when some of these models of the modular curves X(N) admit infinitely 
many quadratic points over some number field. By using the result of Abramovich 
and Harris, we only need to find all the hyperelliptic and bielliptic curves over an 
algebraic closure, so it is independent of the chosen model. 

If we restrict to the (finite) different non-singular projective curves Xn over Q 
which become isomorphic to X(N) over Q(Cn), for example the model obtained 
in [28], we prove in section 4 that any such model Xn satisfies that T 2 {Xn, M) is 
always finite for any field M between Q and Q(Cjv), if N > 6. 

This work increase the works on families of modular curves that are hyperelliptic 
or bielliptic, initiated by the modular curves Xq(N) by [22] and [3] and followed 
by the modular curves Xi(N) by [12] and [13], X X {N,M) by [12] and [14] and for 
Xa{N) by [12] and [15], where we recall that we have finite natural morphisms: 

A (A) Ai(A) X A (N) X (N). 

Another important facet for X(N) is to explicitly compute the group Aut(X(A)) 
over the algebraic closure, (we recall that is known that if C is bielliptic or hyperel- 
liptic has a very special involution in Aut (C) , but we will not need this approach 
to obtain the exact list of bielliptic or hyperelliptic curves of X(N)). 

We recall that for a modular curve X with modular group T < SL2(Z), the 
quotient of the normalizer of V in PSL2(R) by ±r gives a subgroup of Aut (X), we 
write this subgroup Norm(T)/ ±T. This normalizer can be computed explicitly for 
different classical modular curves: for the modular group of X (N) is from Newman 
[21] (see also [2] [4]), for Xi(N) one can consult [19] and for X(N) it follows easily 
following the proof of X\(N) in [19] or see also §2 for the result. 

A deep question is to determine when NormiT) /±T coincides with the full group 
of automorphisms of the corresponding modular curve X and an automorphism 
v e Aut(A) \ (Norm(T)/ ± r) is called exceptional. This was solved for X (N) in 
[18] (see also for N = 63 [8] and the correction for N = 108 in [11]; this correction 
does not affect the results in [3]); in particular there are exceptional automorphism 
only for N = 37, 63 and 108. 

For the modular curves Xi(N) and Xa(N), under some conditions, like N being 
square-free, Momose in [20] proved that there are no excepcional automorphism; 
unfortunately [20] is not available in the literature yet. 

Finally, let us explain briefly the history for the case of Aut(X(N)). J. P. Serre in 
a letter to B. Mazur [25] computed that the automorphism groups of the modular 
curves X(p) for p prime p > 7, are isomorphic to the simple groups PSL(2,p). Back 
in 1997, in a conference held in Sant Feliu de Gufxols, the second author met G. 
Cornelissen, who wanted to compute the automorphism group of the Drinfeld mod- 
ular curves [7, sec. 10] and asked if there is a generalization for composite N. After 
finishing the computation, the second author communicated the generalization to 
J. P. Serre, who answered that the theorem he proved in the letter to Mazur and the 
generalization for composite N should be known to the pioners of modular forms; 
but we were not able to find a reference in the literature. 

Since there is new interest (see [5], [24]) on the automorphisms of the modular 
curves A (TV) and we are not aware of any reference for this computation we believe 
that writing down a proof might be useful for the mathematical community. 
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2. The automorphic group of X(N) 

The curve A(l) is isomorphic to the projective line P 1 , and the cover X(N) — > 
X(l) is Galois with Galois group PSL(2, Z/NZ). The degree of this cover equals to 

„ . / ^V 3 /2IW1-P- 2 ) if^>2 
MiV -\ 6 if A^ = 2 ' 

Moreover the genus gN of X(N) is equal [26, p. 23] 

A-6 

(1) 9N = l + m ~nN~- 

We see that the curves A(2), A(3), A(4), A(5) are rational, while the curve X(6) 
is elliptic. All other curves have genus greater than two and their automorphism 
groups are bounded by Hurwitz bound: 

(2) | Aut(X(iV)| < 84(^-1). 

It is also known that in the cover X(N) — > X(l) exactly three points of A(l), are 
ramified, namely j (i) , j (u>) , j (oo) with ramification indices 2,3 and A. The main 
result of this section is the following: 

Theorem 1. The automorphism group of X(N) for values N such that g^ > 2 
equals PSL(2,Z/AZ). 

Lemma 2. // PSL(2, Z/NZ) < AutX(A) then PSL(2,ZAYZ) = AutA(A). 

Proof. Since PSL(2, Z/NZ) < AutA(A) we can restrict automorphisms in AutX(N) 
to automorphisms of X(l) = P 1 and these automorphisms should fix the three 
ramification points. Therefore the restriction is the identity. □ 

Let m be the index of PSL(2,Z/7VZ) = Gol(X (N) / X (T)) in AutX(iV). The 
equation (1) for N ^ 2 can be written as 

/ 42 

(3) 84(. 9A r - 1) = |PSL(2, Z/NZ) \ I 7 - — 

and this combined with (2) gives the following bounds for the index m: 

m<2 for 7 < N < 11 

m < 3 for 11 < N < 14 

^ ' m < 4 for 14 < N < 21 ' 

m< 7 for 21 < N 

Therefore, for 7 < < 11 we have AutA(A) ^ PSL(2,Z/iVZ) by lemma 2. 

Lemma 3. Consider the coset decomposition 

Aut(A(A)) = fll PSL(2, Z/NZ) U • • • U a m PSL(2, Z/NZ) 

and define the representation 

(3 : PSL(2,Z/AZ) — > S m 

by sending 

a i V {craiPSL(2, Z/AZ), aa 2 PSL(2, Z/AZ), cra m PSL(2, Z/NZ)}. 
Then PSL(2,Z/AZ) <\ AutA(A) if and only if (3 is the trivial homomorphism. 
Lemma 4. If N — p is prime, p > 7 then (3=1. 
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Proof. Since PSL(2,p) is simple we have ker/3 is either PSL(2,p) or {1}. The last 
case is impossible since there are no elements of order p in S m , for to < 6. □ 

Let us now consider the curves X(p e ), where p is prime, p>7. 

Lemma 5. For X(p e ) we have AutX(p e ) = PSL(2,p e ) 

Proof. We will prove that (3 = 1 for the map (3 defined in lemma 3. We consider 
the following tower of covers 



PSL(2,Z/p' 




Consider H := Gal(X(p e )/X(p)); then \H\ = p 3 ^ 1 ), and, since p > 7, we have 
H < ker/3. Therefore we can define the homomorphism (3 so that the following 
diagram is commutative 



PSL(2,Z/p e Z) 




PSL (2,Z/7VZ) =PSL(2,p) 
Since PSL(2,p) is simple we obtain (3 = 1 and the same holds for f3. 



a 



Corollary 6. Let N be a composite integer prime to 2,3,5. Then XutX{N) = 
PSL(2,Z//VZ). 

Proof. The homomorphism (3 is trivial in this case as well, since 

s 

PSL(2,Z/iVZ) = 0PSL(2,Z/pf i Z), 

i=l 

where ./V = Y[l=i pT l& ^ ne decomposition of N in primes. □ 
In order to study the general case for N we will need better bounds for the index 
m := [AutX(N) : PSL(2, Z/NZ}. 
We consider the tower of covers 

X(N) 



PSL(2, 



Aut(X(A)) X(l) 



3 



N 

j(oo) 



X(N) Autx(N *> 
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Observe that if PSL(2, Z/NZ) is not a normal subgroup of AutX(N) then the cover 
X(l) = P 1 ^ X(N) Autx ^ is not Galois. From the proof of Hurwitz bound (2) for 
the size of the automorphism group of an algebraic curve found in [9, p. 260] we see 
that if the number r of points of X(l) ramified in the cover X(N) — > X(N) Autx ( N ^ 
is r > 3 then Hurwitz bound is improved to 

\AutX(N)\ < U(g N - 1). 

This proves that m < 1, so PSL(2, Z/NZ) < AutX(N), a contradiction. 

Therefore the number of ramified points is r = 3. Hurwitz bound now for 
X(N) .— > X(N) A " tx W gives 

(5) 2(g N - 1) = \AutX(N)\ (l + — + — 

\ v\ v 2 vz 

where Vi are the ramification indices of the ramified points. We distinguished the 
following cases: 

Case 1 The three points j(i),j(u>), j(oo) restrict to different points pi,p2,p% with 
ramification indices e(j(i)/pi) — K,e(j(uj)/p2) — X,e(j(oo)/p 3 ) = /j,. Equation (5) 
in this case is written 

2( 9N -1) = |AutX(A0l(l-^ + l-^ + l-^-2)> 

> \AutX(N)\ (1 - 1/2 + 1 - 1/3 + 1 - l/N - 2) > 

> |AutX(JV)|(l/6-l/JV) 

which in turn gives the desired result 

|AutpO| < ^L(g N -l)=p N . 

Case 2. Some of the three points j(u>), j(oo) restrict to the same point 
X(N) Autx( - N ' ) . We will consider the case 11 < N. The points and j(oo) could not 
restrict to the same point of X(N) Autx ( N \ Since the cover X(N) -> X(N) Autx( - N ^ 
is Galois we should have 2k = NX, but the degree of the cover X(l) -)■ X(iV) Autxw 
is at most 6, so k < 6, A = 1, and this means that and j(oo) could not restrict 
to the same point, unless N < 12. But if N < 12 then m < 3, so N < 6, which 
contradicts N > 11. Using the same argument we can show that the points j(u>) 
and j(oo) restrict to different points of X(N) Autx( - N K 

Let us now suppose that and j(uj) restrict to the same point of X(N) Autx ^ . 
There should be another point p of X(N) Autx ^ N " > which ramifies only in the cover 
X(l) ->■ X(N) Autx( - N ^ with ramification index 2 < v < 6. Hurwitz bound implies 

/I 1 1 \ i/>2,^=l or 2 

2( ffJV -l) = |AutX(Ar)|(l-- + l-_ + l---2j " > 

/l 1 \ N > n fl 1 

|AutX(7V)|^---J > \AutX{N)\^--- 

which gives 

\AntX{N)\ < 33/4(^-1) 
and in turn gives the desired result m < 1. 
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Remark 7. It is interesting to point out that since X (2) , X (4) , X (3) , X (5) , are 
rational curves, the classification of finite subgroups of the rational function field 
implies the well known result 

PSL(2, 2) £ Z 3 , PSL(2, Z/4Z) S S 4 , PSL(2, 3) = At, PSL(2, 5) = A 5 

Recall that Aut (H) is isomorphic to PSL 2 (R), and T(N) is torsion-free if N > 5, 
thus the automorphism group of Y(N) = M/T(N) is the quotient of the normalizer 
of T(N) in PSL 2 (R) by ±T(N), 

Corollary 8. For N > 7 we have that Aut (Y(Nj) ^ SL 2 (Z/NZ)/ ± 1 and the 
order of the group of automorphisms ofY(N) is given by 

l -N^{N)^(N) 

where <p(N) :— N Yl p \ N (1 — P^ 1 ) and ip(N) := N\\, N {1 + f> _1 ) with p prime. 

In particular the normalizer of T(N) in PSL 2 (R) is given by PSL 2 (Z) and 
Norm(T(N))/ ± T(N) PSL 2 (Z/iVZ). 

Proof. Clearly for N > 5, T(N) < PSL 2 (Z) < Norm(T(N)) < PSL 2 (M). Thus 

PSL 2 (Z)/ ± r(JV) < A^or™(r(^))/ ± r(JV) = Aut(y(JV)) < Ant(X(N)) 

but PSL 2 (Z)/ ± T(N) is isomorphic to Aut(X(N)) for N > 7 therefore the result. 

□ 

Remark 9. Following the proof for computing Norm(Ti(N)) in [19] one can easily 
deduce that for N > 5 that Aut (Y (N)) PSL 2 (Z/NZ) and the normalizer ofT(N) 
in PSL 2 (M) is PSL 2 (Z). 

3. Hyperelliptic and bielliptic modular curves X(N) 

Recall that a non-singular projective curve C over an algebraically closed field 
of characteristic zero is hyperelliptic if it has an involution v £ Aut(C), called 
hyperelliptic involution, which fixes 2gc + 2 points, where gc is the genus of C. 
The involution v, if exists, is unique if gc > 2. The curve C is bielliptic if has an 
involution w £ Aut (C) which fix 2gc — 2 points. This involution, named bielliptic, 
is unique if gc > 6. 

In this section we want to determine exactly when X(N) is hyperelliptic or 
bielliptic, if it has genus larger than 1, that is, N > 7. 

Theorem 10. For N > 7 the modular curve X(N) is non-hyper elliptic. 

Theorem 11. For N > 7 the modular curve X(N) is bielliptic only when N = 7 
or N = 8. 

Corollary 12. The only modular curves X(N) of genus > 2 such that exist a 
number field L where the set r 2 (A(A^), L) is not finite are for N = 7 or N = 8. 

Proof. The set T 2 (A'(A r ), L) is not finite for some number field if X(N) is hyperel- 
liptic or bielliptic curve by [1]. □ 

We are going to show the theorems in two distinct ways, by using the known 
results on X\(N) in the first, and the ones on Xq(N) in the second, together with 
the natural Galois cover of degree N <fr : X(N) — > Xi(N) and the natural morphism 
V> : X(N) -> A (A^ 2 ) of degree <p(N)/2, N > 2. 
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Recall first that the genus of Xi(N) is equal to exactly ifiV<12, JV^ll and 
is equal to 1 exactly if N = 11, 14 or 15. 

Theorem 13 (Ishii-Momose, [12]). The only hyperelliptic curves Xi(N) with gxi(jv) > 
2 are Xi (13), Xi (16) and Xi (18). 

Theorem 14 (Jeon-Kim, [13]). The curve X\(N) with gx 1 (N) > 2 is bielliptic 
exactly for N = 13, 16, 17, 18, 20, 21, 22 and 24. 

Recall now that the curve Xq(N 2 ) has genus > 1 if and only if TV > 8. 

Theorem 15 (Ogg-Bars, [22] [3]). The curve X (N 2 ) with gx (N 2 ) > 2 is never 
hyperelliptic, and it is bielliptic exactly for N — 8 and 9. 

Finally, we recall the construction of the natural map from X(N) to X (N 2 ), 
which wc do not know a precise reference (see, however, the section 11.3.5. in [17], 
for the case TV = p n , p a prime). 

Lemma 16. Let N > 3 be an integer. Then there exists two non- constant indepen- 
dent morphisms of curves X(N) — > X\(N) of degree N and a morphisms of curves 
X(N) — > X (N 2 ) of degree ip(N)/2 defined over Q{(n), making the following dia- 
gram commutative 



X(N) 




where ujm denotes the Atkin-Lehner involution, the left hand side of the diagram 
corresponding to the usual maps. 

Proof. The existence of the maps to Xi(N) are well known, and they can be in- 
terpreted in the moduli space Y(N) as the map sending the point in Y(N) form 
by an elliptic curve E and a basis Pi and P 2 of the TV-torsion points to the points 
Pi and Pi , respectively. It is also well known that they correspond to quotient out 

X(N) with respect to the subgroup of PSL 2 (Z/iVZ) formed by Ti = 

and a conjugation, T 1 = 

Now we consider the map from X(N) to X (N 2 ). On the complex numbers can 
be done by observing that 

T(N) < ur (N 2 )u^ 1 

where 
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The map on gets can be interpreted in the moduli problem by sending the point in 
Y(N) form by an elliptic curve E and a basis Pi and Pi of the TV-torsion points to 
the ./V 2 -isogeny obtained composing the dual of the iV-isogeny E — > E / '{Pi) with 
the 7V-isogeny E -> E/(P 2 ). 

The morphism can also be interpreted as the natural map from X(N) to X(N) /C, 
where C is the full Cartan subgroup of PSL 2 (Z/A^Z) (formed by the diagonal ma- 
trices). The assertion about the degree is then easy. The map on the left, because 
it comes from T 1 (N), need to be composed with the full Atkin-Lehner involution 

0J N . 

Finally, the commutativity of the diagram is clear in the moduli interpretation. 

□ 

Remark 17. This lemma implies that, for N = 3,4 and 6, the moduli curves 
X(N) and Xo(N 2 ) are identical over Q(Cjv)- This means that, given any degree 
N 2 isogeny tp : E\ — > Ei defined over a field L containing Q(Cn), an d decomposing 
<P = f2 ° <fi where ipi are a degree N isogenics for i = 1,2, if <fii : E\ — > E, then 
there exists an elliptic curve E' over L with the same j -invariant than E and with 
E'[N](L) (Z/NZ) 2 (only for N = 3,4 and 6, of course). Observe that E itself 
could not verify that E[N](L) = (Z/NZ) 2 . 

Before we proceed to the proof of the theorems, we collect some results we will 
use. Observe first that, given a morphism of non-singular projective curves 

4> : X -> Y 

which is a Galois cover (in the sense that it is given by a quotient map of the form 
X — > X/H, for H a subgroup of the group of automorphisms of X), and l an 
involution of X, then either t induces by <p an element of the Galois group H of the 
cover, or it induces an involution on Y . 

Lemma 18. Consider a Galois cover <fi : X — > Y of degree d between two non- 
singular projective curves of genus gx and gy respectively. Suppose that gy > 2 or 
d is odd. 

(1) If v is a bielliptic or an hyperelliptic involution of X then v induces an 
involution l on Y . 

(2) Suppose that 2gx + 2 > d(2gy + 2). Then, if gx > 2, X is not hyperelliptic. 

(3) Denote by n L the number of fixed points of an involution i of Y . Suppose 
2gx — 2 > dn L for any involution i on Y . Then, , if gx > 6, X is not 
bielliptic. 

(4) Suppose 2gx — 2 > d(2gy + 2). Then, if gx > 6, X is not bielliptic. 

Proof. If v is in the group of the Galois cover (j) we have the following factorization 
of 

X -+X/{v) -^Y 

which is impossible if d is odd, since X — > X/(v) has degree 2, and also if gy > 2, 
since X/(v) has genus < 1. 

The remaining assertions follow from the Hurwitz's formula and the fact that 
the hyperelliptic involution or bielliptic involution are unique under the conditions 
of the genus. Suppose that X has a (unique) hyperelliptic or bielliptic involution v, 
which induces an involution v on Y by (1). Then v can have fixed points only among 
the points lying above the fixed points by v of Y, and hence v has at most d.Uy 
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fixed points where na are the number of fixed points of ji on 7. By the Hurwitz's 
formula, the involution v must have 2gx + 2 fixed points in the hyperelliptic case, 
or 2gx — 2 fixed points in the bielliptic case, obtaining the result. □ 

The following lemmas can be easily proved by observing that both curves attain 
the maximal order of the group of automorphisms for their genus; the maximal order 
of these group for genus 3 is 164 and we proved SL 2 (Z/7Z)/ ± 1 < Aut (X(7)) and 
SL 2 (Z/7Z)/ ± 1| = 164, and the maximal order of this group for genus 5 is 192 
and again we proved SL 2 (Z/8Z)/ ± 1 < Aut (A(8)) and |SL 2 (Z/8Z)/ ± 1| = 192. 

Lemma 19. The curve X(7) is a genus 3 curve isomorphic to the Klein quartic 
which is a bielliptic curve and is not hyperelliptic. 

Lemma 20. The curve A(8) is a genus 5 curve isomorphic to the Wiman curve 
which is a bielliptic curve and is not hyperelliptic. 

For the bielliptic involutions for A (8) see the paper [16] with a defining equation 
of A (8) in [28, Table page 507]; it is a degree 2 map to an elliptic curve isogenous 
to A (32). 

Proof of Theorem 10. First of all, recall that, if / : C — V C is a non-constant 
morphism between non-singular projective curves such that the genus of C is > 2, 
and C is hyperelliptic, then C is hyperelliptic. 

Using this result and Theorem 13, we get that the modular curve A (A) is not 
hyperelliptic for A > 19 and A = 15, 17. The cases A = 7 and 8 where considered 
in the Lemmas 19 and 20, respectively. These results imply also the cases A = 14 
and 16. Now, we use lemma 3, (ii), for the Galois cover <j) '■ X(N) — > Ai(A) to show 
some of the remaining cases: we have that 2g(X(N)) + 2 > A(2g(Ai(A)) + 2) for 
A = 18, 15, 13, 11. It remain the cases N = 9, 10, 12, which can be proved directly 
by using the equations given in [28, Table page 507], and a direct computation 
using SAGE or MAGMA. 

Or, for a more direct approach, since Ao(A 2 ) is never hyperelliptic if the genus 
is larger than 1 by Theorem 15, i.e. if A > 7, we get that A(A) cannot be 
hyperelliptic unless A = 7, already proved in Lemma 19. □ 

Proof of Theorem 11. Recall the following result by Harris and Silvermann in [10]: 
Let 4> : C — > C be a non-constant morphism between non-singular projective 
curves such that the genus of C is > 2. If C is bielliptic then C is bielliptic or 
hyperelliptic. 

Now, one can prove the result by using the Ai(A) approach, or, better, by using 
the map to Ao(A 2 ) given in the Lemma 16 and the result in Theorem 15. One gets 
that the only possible cases are for A = 7, 8 or 9. The cases A = 7 and 8 where 
already considered in the Lemmas 19 and 20. It only remains to show that A (9) is 
not bielliptic. 

Recall that the genus of A (9) is 10 > 6. We want to get a map p, which is a 
Galois cover (over Q(Cg)) and verifying the conditions of the part (4) of the Lemma 
18. Consider the singular model of A(9) given by y 6 — x(x 3 + l)y 3 = x 5 (x 3 + 1) 2 [28, 
p. 507]. Now let E' be the curve given by the equation {t') 2 — x(x 3 + l)t' = x 5 (a; 3 + l) 2 
with t' = y 3 . We get a map p from A (9) to E' which has degree 3 (hence odd) 
and it is Galois. The curve E' is an elliptic curve isomorphic to E : t 2 — t = x 3 
by writing t := x( Jt +1 ^ ■ By applying the part (4) of the Lemma 18, and since 
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2g(X(9)) - 2 = 2- 10 - 2 = 18 > &eg{p){2g{E) + 2) = 3 • (2 • 1 + 2) = 12, we get 
that X{9) is not bielliptic. □ 

Remark 21. It is possible to describe theoretically the construction in the last proof 
for the case X(9). First, consider the map p : X(9) — > Xq{81); it is a degree 3 map 
to a curve of genus 4. Then, consider the degree 3 map p : X (81) — > X (27), 
where the target is an elliptic curve. Finally, let E be the elliptic curve, given by 
the simple equation y 2 — y = x 3 . The curve E is 3-isogenous to the curve Xq{27). 
The map p makes the following diagram commutative 

X{9) *X (81) 

p 

E >X {27) 



4. ON QUADRATIC POINTS FOR X(N) 

Recall that gx(N) > 2 then N > 7. Fix an algebraic closure of Q and we think 
all the models for the Riemann surface X(N) defined in a number field of this fixed 
algebraic closure. 

By [1] and theorems 11 10 we have that ^T 2 (Xn,F) < oo for any number field 
F with N ^ 7,8, where Xn is a model of a non-singular curve defined over F 
isomorphic to X(N) over Q 

Theorem 22. Take X(N) the moduli problem of N -torsion (Z/iVZ) 2 and we think 
X{N) a non-singular curve defined over Q(Cjv)- Take by Xn any model or a curve 
defined over Q isomorphic to X(N) over Q(Civ)- Then for all N > 7 the number 
of quadratic points of Xn over M with QCMC Q(Gv) is always a finite set. 

Proof. By [1] and theorems 11 10 we only need to study N = 7 or N = 8. 

If C(F) ^ we have [1]: #r 2 (C, F) = oo with C a non-singular curve over F if 
and only if C is hyperelliptic or has a degree two morphism ip : C — > E all defined 
over F with E and elliptic curve with rank^ E{F) > 1. 

It is know (see for example [23]) that Jac(X(7)) over Q(^) is isomorphic to 
E 3 , where E is the elliptic curve y 2 + 3xy + y = x 3 — 2x — 3, which is isomorphic 
to Xq(7 2 ). Therefore, because X(7) is non- hyperelliptic, the only possibility to 
have a non-finite of quadratic points over Q(£V) will be that we have a degree 
two map X{7) — > E' all defined over Q(Ct), with E 1 an elliptic curve of positive 
rank over Q(Ct)- But E' is isogenous to E and, in particular, rankzE'(Q(C7)) — 
rankz(E(Q(<^7)). But this last rank is zero, as a (2-Selmer) computation with MAGMA 
[6] or SAGE [27] reveals. 

For N = 8, considering the model over Q given in [28, Table page 507] by 
defining equation C : Y A — X (X - l)(X + l)(X 2 + 1 ) 2 . It is a genus 5 curve defined 
over Q with group of automorphisms over Q abelian and isomorphic to (Z/2Z) 3 . 
Some computations with MAGMA shows that the quotient with respect two of the 
elements give the elliptic curve X (32) and a third element gives the elliptic curve 
E with equation y 2 = x 3 + x, of conductor 64. By [16] there are exactly 3 bielliptic 
involutions for X(8), so these are all (in fact, we even did the computation of the 
genus of all the 31 involutions of X(8) over Q(Cs) getting 4 of genus 3, 3 of genus 1 
and the rest of genus 2). Now, over Q(Cs) the elliptic curves X (32) and E become 
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isomorphic. Hence, they have the same rank. Finally, a (2-Selmer) computation 
with MAGMA or SAGE reveals that rank z (X (32)(Q(C 8 ))) = 0, proving the result. □ 

Remark 23. A computation with the help of the MAGMA algebra system [6] shows 
that 

#r 2 (X(8),Q(Cs)) = 24, 
corresponding to the cusps. This result is done through computing all the quadratic 
points of Xq(8 2 ) over Q(£s), which is a genus 3 curve, with Jacobian over isogenous 
to the cube of the elliptic curve X (32) over Q(Cs)> which has only a finite number 
of points over Q(Cs)> an d work after with the degree 2 map from X(N) — > X (N 2 ). 
We obtain that there are elements in F2(Xo(8 2 ), Q(Cs)) which are not cusps (there 
are more than one hundred points), but none of them lift to a quadratic point of 
X(8). 
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